In this work we discuss how the classical orbital angular momentum (OAM) and topological charge (TC) of optical beams with arbitrary spatial phase profiles are related to the local winding density. An analysis for optical vortices (OV) with non-cylindrical symmetry is presented and it is experimentally shown for the first time that OAM and TC may have different values. The new approach also provides a systematic way to determine the uncertainties in measurements of TC and OAM of arbitrary OV.
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PACS numbers: 42.50.Tx, 42.25.-p Optical vortices (OV) have been extensively studied since the seminal work by Allen et al. [1] and are applied in topics as diverse as classical and quantum communications [2] [3] [4] , optical tweezers [5, 6] and plasmonics [7] [8] [9] [10] [11] . However, there are subtleties in characterizing such optical beams that are not usually remarked. Canonical OV, as associated to Bessel or Laguerre-Gauss beams, carry well defined mean values of orbital angular momentum (OAM) and topological charge (TC). In these cases, the OAM per photon and the TC have the same value. However, by analyzing these quantities for noncanonical OV it can be seen that they represent distinct quantities. A proper understanding of non-canonical OV is of great interest because they extend the current applications of OV. For example, it is possible to control transverse forces in optical tweezers [5] , or increase the excitation efficiency of surface plasmon modes [11] . In the present work we explicitly distinguish classical and modal OAM and TC for arbitrarily shaped OV beams. This is fundamental to avoid mistakes when analyzing the experimental consequences of more general beams.
Diffractive and interferometric techniques as [12] [13] [14] are sensitive to the phase profile, hence they measure the total topological charge (TC) of a beam. The quantum OAM distribution may be obtained via diffractive elements [15, 16] or modal decomposition [17, 18] . The classical OAM of a light beam may be determined by measuring the electric field amplitude and phase, as in [19] , or also via modal decomposition [18] .
We consider a scalar OV beam under the paraxial approximation. In cylindrical coordinates r = r (ρ, φ, z) a linearly polarized and monochromatic field in vacuum may be represented by the following vector potential
where P 0 is the optical power, µ 0 is the vacuum permeability, ω, k are respectively the angular frequency and wave number of light. The remaining terms are the beam phase profile χ (r) and A (r) is the vector potential amplitude envelope, normalized such that´d 2 r |A (r)| 2 = 1.
The total TC, Q T , contained inside a contour C of radius c, on the ρφ plane, is given by [20, 21] 
where the local winding density (LWD) w (r) is a quantity that gives the local effect of the TC, is defined by
The total TC gives the number of times that the beam phase pass through the interval [0, 2π] following the curve C. For a well-behaved contour, Q T is an integer even if χ (r) is discontinuous [21] .
On the other hand, the classical OAM density along the propagation directionẑ is L z = 0ω 2 Re A (r, t) −i ∂ ∂φ A * (r, t) [22] , and it may be shown by direct substitution of eq. (1) that
Since P 0 = N ω, where N is the number of photons impinging on the plane ρφ per second carrying energy ω, the local OAM value per photon at a given position is [23] w = ∂χ/∂φ. So, the LWD gives the local OAM per photon.
We remark that although the intensity profile of a beam is related to its TC distribution [21, 24, 25] , the intensity profile carries no information about the topological or OAM properties of a beam [26] .
Since the product A * (r) A (r) gives the probability of finding a photon at a given point, the average classical OAM per photon may be determined from eq. (4) as [23] 
A comparison between eqs. (2) and (5) shows that only in very specific situations Q T = l class. . An immediate result is that measuring Q T one does not necessarily have arXiv:1402.3226v1 [physics.optics] 13 Feb 2014 information about l class. and vice-versa. However, both quantities are related to the LWD which can be obtained from χ (r). Therefore we emphasize that it is important to determine the LWD for the characterization of the classical OAM and TC in OV beams.
In a quantum description of OAM, it can be shown that eq. (5) gives the correct average OAM [34] . Thus, if |p, m represents the radial and azimuthal quantum numbers p and m, respectively, it can be seen that the average OAM is given by
while a comparison with the classical expression, eq. (5), shows that, as expected by the correspondence principle, l quant. = l class. and then [34]
The setup shown in Fig. 1 allows a full characterization of a linearly polarized electric field by measuring its amplitude and phase. It consists of a Michelson interferometer in which Arm 1 contains a spatial light modulator (SLM). When Arm 2 is blocked, only the intensity profile will be detected by the CCD, otherwise an interference pattern will be detected. From the interference pattern, χ (r) may be retrieved using Fourier transforms [27] . To obtain a better signal/noise ratio, we averaged the phase for 20 applied constant phase offsets on the SLM [19] . To compute the azimuthal derivative in the LWD, we used a Fourier spectral method with a smoothing gaussian filter [28] . To determine w (r), we used the following identity
The first set of measurements was obtained with beams having a linear azimuthal phase dependence χ sig = αφ, for integer α. For all measurements, the SLM phase profile was composed of χ sig , a circular aperture with fixed radius and a carrier wave. A typical χ sig is shown in Fig.  2 (a) for α = 10. The measured amplitude and phase profiles are shown, respectively in Figs. 2 (b-c) and the corresponding LWD is shown in Fig. 2 (d) . Notice that, as expected, w (r) is well defined along the beam profile, except where the intensity is very small and the phase is not well retrieved. Outside the beam intense region there is a background due to light diffracted from the SLM which adds systematic phase and LWD shifts.
For a quantitative description of the classical OAM and the TC, we notice that eq. (2) can be considered as an average of the LWD over a narrow ring and (5) is an average of the LWD weighted by |A| 2 . So, weighting the LWD with K TC = 1 over a ring (K OAM = |A| 2 over the beam) one may build histograms representing the probability P TC (P OAM ) of finding a given value w of LWD (OAM) in a narrow range, 1, and whose average is Q T ( l class. ) via
where θ is the step function and β corresponds to TC or OAM.
The TC and classical OAM histograms, as defined above, allow quantitative determination of the uncertainties of the measured quantities. To the best of our knowledge, no previous classical characterization of OAM and TC was able to determine these uncertainties. We also produced histograms for the modal OAM distribution, which is related to the quantum OAM, by expanding the field in a basis of Bessel functions. It can be seen in Fig. 3 (a) that Q T , l class. and l modal are similar for integer α. The associated histograms for each α can be seen in Figs. 3 (b-d) . Except for the distinction of quasi-continuous distribution in Figs. 3 (b-c) for TC and classical OAM and the discrete distribution for modal OAM, no major differences are observed.
Modal OAM
class. On the other hand, TC and OAM for fractional values of α behave differently from integer ones. As suggested in [21] , Q T is the nearest integer to α. Simultaneously, it can be shown that the OAM for fractional α is l = α − sin (2πα) /2π [19, 29] . The experimental histograms for OAM and TC are shown in Figs. 4  (a,c,e) . In Fig. 4 (a) it is shown how Q T varies with α. In Figs. 4 (c,e) it can be seen that l follows smoothly the theoretical prediction. The insets in Fig. 4 (a, c, e) exhibit respectively, the LWD profile (eq. (3)), and local probability densities for classical OAM (integrand of eq. (5)) and modal OAM (integrand of eq. (6) obtained from the Bessel expansion). We remark that modal OAM histogram also behaves as is theoretically expected [29] .
In Fig. 5 we consider Lissajous-shaped OV, in which the OV cores form Lissajous patterns [24] . The phase and LWD profiles of these OV may be written respectively asχ Lissajous = lφ + a sin (jφ) /j and w Lissajous = l + a cos(jφ), with j = 0.
Since the oscillatory term averages to zero, it is ex- pected that Q T = l = l, and this can be observed in Figs. 5 (a, d, g ). Notice that, the histograms for l = 5 in Fig. 5 (c, f, i) are shifted with respect to those with l = 0 in Fig. 5 (b, e, h ). An interesting feature of Lissajous OV is in the comparison between the classical and modal OAM. Approximating the beam by a top-hat, the classical OAM histogram is not sensitive to the number of w oscillations. Therefore it depends only on l and a as is observed for j = 0 in Figs. 5 (e, f) . Meanwhile, the modal OAM depends on j, as seen in Figs. 5 (h, i) and from the probability of obtaining the OAM eigenvalue l in a Lissajous OV in terms of Bessel functions
Notice that the different j dependence between the classical and modal OAM of Lissajous OV may be used to distinguish classical and quantum OAM transfer.
Finally we consider a linear distribution of OV, each having a unitary TC [25] . The OV are uniformly spaced over a line of length b and inside a circular intensity envelope of diameter D. It can be shown that using such distribution of TCs one may shape the OV core for small TC separation [25] . The experimental results are shown in Fig. 6 . As a first remark, it may be noticed that, since the total TC is the sum of the individual TCs, it remains constant for all b/D values in Fig. 6 (a) . The TC histogram in Fig. 6 (b full description of such TC distribution [31] . The classical and modal OAM histograms of Figs. 6 (d, f) have similar profiles, the modal one being grainier. The similarity in this non-cyllindrical OV configuration is interesting because it corroborates the correctness of our interpretation of eq. (8) as a classical probability of finding a given OAM in a light beam.
In summary, we remark that by analysis of the LWD one may obtain spatial information about the TC and the classical OAM content of a light beam. The characterization presented is applicable to arbitrarily shaped OV and clarifies that TC and OAM are usually different quantities. Such distinction is important because it raises fundamental questions. For example, are the increased coherence storage times for OV reported in [26] due to TC or OAM? Does the excitation of surface plasmons in [7, [9] [10] [11] depends on mode matching (modal OAM), or phase matching (classical OAM)? Is it possible to observe quantum OAM transfer in an optical tweezer? Although we have indications that the integrand of eq. (5) is a classical probability of finding a given OAM value, a proper verification could be given by obtaining angular velocity histograms in an optical tweezer setup as [6, 32, 33] . Also, the proposed histograms are amenable to theoretical modelling, that can be used to retrieve quantitatively the experimental parameters of shaped OV beams and their uncertainties. A final remark is that eq. (5) allows a much simpler and faster way to calculate the average OAM for a beam with known amplitude and phase profile than decomposing it in a basis of OAM eigenmodes.
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Supplementary informations
We consider a complete basis of OAM eigenfunctions labelled by p and m as, respectively the radial and the azimuthal quantum numbers. Using the completeness relation 1 = p,m |p, m p, m| it may be shown that the average OAM is
Meanwhile, one may express the average in terms of spatial wave functions A (r) = r|A .
Since L z is real, the imaginary part of the integrand in Eq. (11) must cancel. Therefore the classical OAM density is given by
or, by expanding |E in the OAM eigenfunctions, 
Equation ( 
Equations (13) and (14) are, respectively, the expressions used to represent the classical OAM density profile from the modal and classical data in Figs. 4-6. 
